
Modeling Flexible Bodies in SimMe
hani
sVi
tor Chudnovsky, Arnav Mukherjee,Je� Wendlandt, and Dallas KennedyMay 11, 2006Abstra
tSimMe
hani
s does not o�er native support for �exible-body model-ing. Nevertheless, the extensibility of the underlying MATLAB R© andSimulinkR©environment allows users to model and en
apsulate �exible-body models. This paper dis
usses two approa
hes to this problem. The�rst is the lumped-parameter method, in whi
h a �exible body is dis-
retized into a 
olle
tion of rigid bodies 
onne
ted by springs. The se
ondis the �nite-element analysis (FEA) method, whi
h in
orporates vibrationanalysis done using third-party FEA appli
ations to model the relativemotion of points of interest on a �exible body. We present examples anddis
uss the merits of ea
h approa
h. To download these examples, pleasevisit http://tinyurl.
om/onz3m.
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1 Introdu
tionMe
hani
al models often play an important role in 
ontrol systems simulation.SimMe
hani
s makes it easy to 
reate a representation of a physi
al me
ha-nism within a Simulink R©model, but SimMe
hani
s simulates only rigid-bodydynami
s: none of the parts represented by Body blo
ks are assumed to 
hangetheir shape or mass distribution. In real appli
ations, however, there is oftena need to model �exible dynami
s. The extensibility of MATLAB R©, Simulink,and SimMe
hani
s makes it possible for users to 
reate their own �exible-bodymodels and libraries.In this paper, we explore two distin
t approa
hes to modeling �exible bod-ies in SimMe
hani
s. The lumped-parameter method, best suited for modelingbeam-like geometries, dis
retizes the �exible body into a series of 
onstituent el-ements, ea
h of whi
h 
ontains a spring-damper that models the �exibility. The�nite-element analysis (FEA) approa
h, in 
ontrast, in
orporates the output ofthird-party FEA programs to a
tuate the relative motion of the bodies that are
onne
ted to the �exible part under 
onsideration.2 The Lumped-Parameter MethodFor most engineering purposes, a real �exible body is a 
ontinuous medium. Thelumped-parameter method approximates a �exible body as a set of rigid bodies
oupled with springs and dampers and, in SimMe
hani
s, 
an be implemented bya 
hain of alternating bodies and joints. The springs and dampers a
t either onthe bodies or the joints. The spring sti�ness 
oe�
ients and damping 
oe�
ientsare fun
tions of the material properties and the geometry of the �exible memberunder 
onsideration. Lumped-parameter methods are best suited to models withlinear geometries, su
h as beams, in whi
h ea
h fundamental �exible elementis 
oupled to two others in a simple 
hain.1 Although this method 
an beextended, bodies with more 
ompli
ated geometry are easier to model withother approa
hes.2.1 TheoryThe lumped-parameter method dis
retizes the beam of length L into n identi
algeneralized beam elements (GBEs), ea
h2 of length l = L/n and massm = M/n.Ea
h GBE is a body�joint�body 
ombination, with the joint primitives 
hosento re�e
t the �exible degrees of freedom being modeled. The material propertiesdetermine the spring sti�ness and damping that are applied to the joint. The1Note that the �exibility being modeled need not be one-dimensional; for example, themodel 
ould in
lude both bending and torsion.2By making the GBEs identi
al, we are assuming that the �exibility properties of thebeam are uniform along its length. This assumption 
an be relaxed by letting the materialproperties vary from one beam element to the next. Moreover, assigning the same length toall the GBEs is a modeling de
ision. We 
an vary GBE length if we need, for example, a moredetailed approximation to the shape of a beam portion.3



beam, shown in Figure 1, 
onsists of adja
ent GBEs welded together. We nowdevelop a simple theory for modeling the general �exibilty of this beam byassuming that the sti�ness of ea
h GBE is lo
al, or 
aused by its own de�e
tion.3We then spe
ialize the theory to the 
ase of pure bending.
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Figure 1. Welds (W), bodies (B), and joints (J) 
omprising the lumped-parameter dis
retization of a beam.2.1.1 General Flexible BeamFigure 2 shows an individual GBE together with the for
es and moments a
tingon it. The GBE 
onsists of two bodies, ea
h of length l/2 and mass m/2. Thejoint a
ts along the neutral axis4 of the GBE. In the following analysis, oneend of the GBE is �xed, and X and F are generalized 
oordinates and for
es,respe
tively, at the other end. Let x be the parameterization of the degrees offreedom of the joint. Then
X = g(x)3A more detailed approa
h would derive the dis
retization from the fourth-order di�erentialequation des
ribing the beam de�e
tion.4The neutral axis is de�ned as the axis that does not undergo 
ompression or elongation.4



 

Generalized force F  

Generalized position X  

l/2 
l/2 Figure 2. Individual generalized beam element (GBE).

dX = J(x)dx, (1)where J(x) is the Ja
obian
J =

∂g

∂x
.The generalized for
e F at the tip 
an be expressed with a generalized sti�-ness matrix K:

F = KdX. (2)The generalized for
e f at the joint 
an be expressed as
f = kdx, (3)where k is the equivalent spring 
onstant at the joint of a GBE and dx is thein�nitesimal generalized relative displa
ement between the two bodies a
rossthe joint.The in�nitesimal work FT dX done at the tip of the GBE by the for
e F isequivalent to the work fT dx done at the GBE joint by the equivalent for
e finstead. Thus,

fT dx = FT dX

= FT J(x)dxfor any dx, from whi
h we obtain the generalized for
e on the joint
f = JT F. (4)Substituting equations (2) and (1) yields

f = JT KJdx, (5)so that
k = JT KJ. (6)Equation (5) is the general sti�ness expression of a GBE with multiple de-grees of freedom (DOFs). 5



2.1.2 Beam Undergoing Pure BendingConsider now the 
ase in whi
h the beam undergoes pure bending only (noshear). We expe
t this 
ase to be best modeled by having just a revolute prim-itive in ea
h GBE, so that F = [P, T ] and X = [S, Θ], where P, T, S, and Θ arethe for
e, moment, verti
al de�e
tion, and slope asso
iated at the free end ofthe GBE, respe
tively. Be
ause we are only using a single revolute joint in ourmodel, the generalized for
e on the joint is the torque f = τ , and the generalizeddispla
ement of the joint is the revolute angle x = θ.

 

l/2 + l/2 cos θθθθ 

θ 

l/2 

Tip position ],[ Θ= SX  

Load force P  

Load 
torque T  Figure 3. Sample beam element.The end displa
ement X is a 
ombination of a linear displa
ement and arotational displa
ement,

X = g(x) =

[

(l/2) sin θ
θ

]

,so that, for small values of θ,

J ≈

[

l/2
1

]

.Equation (6) then be
omes
k =

[

l/2 1
]

K

[

l/2
1

]

. (7)A well-known result from beam theory yields the following relationship be-tween the de�e
tion, slope, for
e, and moment:
[

dy
θe

]

=

(

l

EIzz

) [

l2/3 l/2
l/2 1

] [

P
T

]or
K =

12EIzz

l3

[

1 −l/2
−l/2 l2/3

]

, (8)where E is the Young's modulus of the material and Izz =
∫

A
y2dA is thearea moment of inertia. This yields the rotational sti�ness or e�e
tive torsionalspring 
onstant at the joint:

k =
EIzz

l
. (9)6



The rotational joint in the nth GBE exe
utes damped os
illations a

ordingto the normalized moment equation
θ̈n + 2ξω0θ̇n + ω2

0θn = external momentswhere ω2
0 = k/I and I is the moment of inertia. The damping 
oe�
ient 2ξω0is a quasi-empiri
al value that a

ounts for energy lost to vis
o-elasti
 e�e
ts.In SimMe
hani
s, the relative angle θn and joint velo
ity θ̇n are measuredat the joint using a Joint Sensor blo
k. Then k is multiplied by the angle, anda material damping 
oe�
ient 2ξω0 is multiplied by the angular velo
ity. Thetwo resulting moments are added and applied ba
k to the joint using a jointa
tuator.2.2 Implementing the Lumped-Parameter MethodThe lumped-parameter method follows these steps:1. Divide the beam into dis
rete elements.2. Determine the DOFs of the elements and model them with the appropriatejoint primitives.3. Apply a spring-damper to ea
h joint to en
apsulate the �exibility param-eters.4. Use �exible-body theory to determine the e�e
tive spring 
onstants fromthe geometry, material properties, and boundary 
onditions.5. Apply damping as ne
essary to ea
h DOF.6. Constru
t the beam by welding together a 
hain of GBEs so 
on�gured.3 The FEA MethodA di�erent approa
h to modeling �exible bodies allows �nite-element analysis(FEA) software appli
ations to dis
retize the bodies and obtain their frequen
y(or modal) response. The FEA results 
an then be in
orporated into a SimMe-
hani
s model by superimposing the �exible-body de�e
tion on the rigid-bodymotion.This approa
h 
onsists of modeling the part as a rigid body in SimMe
hani
sby using the Body blo
k, making sure to insert a 
oordinate system at ea
hpoint where we want to measure or a
tuate a �exible-body de�e
tion. At ea
hof these 
oordinate systems, we 
onne
t another Body though a Joint that hasprimitives 
orresponding to the de�e
tion studied in the FEA model. Theseprimitives are motion-a
tuated by a �bla
k box� subsystem whose output is thede�e
tion 
al
ulated using the FEA data. The input to this bla
k box, in turn,7



is the load on the body, either the load for
e from a 
onne
ted body or anexternal 
ondition. As explained below, the bla
k box turns out to be a simplestate-spa
e model. Figure 4 shows the implementation of the FEA method inSimMe
hani
s.

Figure 4. Representation of the FEA method.3.1 TheoryFEA programs mesh a �exible body into a set of nodes that 
arry one or moredegrees of freedom. For linear FEA, the ns-
omponent 
olumn ve
tor s of thesedegrees of freedom has the dynami
s of a series of for
ed, damped, 
oupledharmoni
 os
illators:
Ms̈ + Cṡ + Ks = Fu. (10)In this equation, M is the mass matrix, C is the damping matrix, and K isthe sti�ness matrix. The nu-
omponent ve
tor u represents the nontrivial for
einputs to the system, while the ns×nu matrix F maps these nontrivial inputs tothe 
orresponding degrees of freedom. Typi
ally, ea
h entry of F is either zero orone, though s
ale fa
tors may be introdu
ed (for example, to 
onvert entries of

u provided in a di�erent system of units). In a dynami
 simulation, the outputof interest is often just the position response y = Ts of some subset of thenodes, where T is an ny ×ns matrix that, just like F , typi
ally has entries thatare ones or zeros. Sin
e the Joint A
tuator used in our SimMe
hani
s �exiblebody model requires 
onsistent values for the position, velo
ity, and a

elerationsignals, we are instead interested in the output ve
tor
y =





Ts
T ṡ
T s̈



 . (11)8



When performing a frequen
y analysis on a �exible part, FEA programstypi
ally provide the mode shapes and frequen
ies in terms of the solutions tothe free (F = 0), undamped (C = 0) 
oupled os
illators
Ms̈ + Ks = 0. (12)This di�erential equation 
an be solved by postulating the ansatz s(t) = φeiωt,whi
h, upon substitution into (12), leads to the generalized eigenvalue problem
Kφ = ω2Mφ. (13)There are ns eigenve
tors φi that solve this equation with 
orresponding eigen-values ωi. These eigenve
tors 
an be 
hosen to be M -orthonormal:5
φiMφj = δij . (14)Typi
al modeling appli
ations fo
us on only a few modes, usually those withlow frequen
ies.6 We de�ne an ns ×nm matrix Φ = [φ1 . . . φnm

] whose 
olumnsare the nm eigenve
tors 
orresponding to the modes we wish to in
orporate intoour SimMe
hani
s model, and we de�ne an ns × (ns − nm) matrix Φ̄ whose
olumns are all the other modes. Sin
e the {φi} span the ns-dimensional spa
e
R

ns, we 
an expand
s(t) = Φη(t) + Φ̄η̄(t). (15)This is simply a 
oordinate transformation between the (nm, ns − nm)-tuple ofmodal 
oordinates (η, η̄) and the ns-tuple s. Sin
e the modes remain un
oupledin what follows, and we are interested only in the 
ontributions from the nmmodes 
orresponding to the ve
tor η, we omit the se
ond term in the aboveequation without any loss of generality:

s(t) = Φη(t). (16)Note, too, that the M -orthogonality relation (14) 
an be rewritten as
ΦT MΦ = Inm×nm

. (17)To simulate the behavior of a �exible body when subje
ted to external for
es,we rewrite (10) in terms of the modal 
oordinates η by substituting (16), mul-tiplying by ΦT on the left, and applying (17) to obtain
η̈ + 2Γη̇ + Ωη = Σu, (18)where the sti�ness matrix Ω is diagonal by 
onstru
tion,

Ω = ΦT KΦ =







ω1 . . .
ωnm






,5Eigenve
tors with distin
t eigenvalues are orthogonal; degenerate eigenve
tors with thesame eigenvalue 
an be 
hosen orthogonal; the M -norm of all the eigenve
tors is arbitraryand 
an be 
hosen to be unity.6High-frequen
y modes are less a

urate be
ause they are tainted by dis
retization artifa
ts.The wavelengths of those modes are 
omparable to the mesh spa
ing.9



the nm × nm damping matrix Γ is given by
2Γ = ΦT CΦ,and the nm × nu for
ing matrix is given by
Σ = ΦT F.Similarly, (11) be
omes

y =





Θη
Θη̇
Θη̈



 , (19)where Θ is an ny × nm matrix,
Θ = TΦ.The entries of Ω are the frequen
ies 
al
ulated by the FEA program and the
olumns of Φ are the 
orresponding mode shapes, while the matri
es F and Tare spe
i�ed by the user to indi
ate whi
h degrees of freedom are to be a
tuatedand sensed, respe
tively. To 
al
ulate the damping matrix Γ, however, we 
anuse any one of several approximation s
hemes. A simple 
hoi
e is proportionaldamping, in whi
h ea
h normal mode ηi has its own damping 
onstant γi = ξiωi,and the damping does not introdu
e 
oupling among the modes:

Γ =







ξ1ω1 . . .
ξnm

ωnm






.The spe
ial 
ase ξ1 = . . . = ξnm

is 
alled uniform damping.The harmoni
 os
illators 
an now be 
ast in the standard state-spa
e form
ẋ = Ax + Bu

y = Cx + Duby identifying the state ve
tor x with the normal nodes
x =

[

η
η̇

]

. (20)From (18) we read o� the entries of A and B,
A =

[

0 I
−Ω −2Γ

] (21)
B =

[

0
Σ

]

, (22)10



while from (19), we 
an read o� the entries of C and D:
C =





Θ 0
0 Θ

−ΘΩ −2ΘΓ



 (23)
D =





0
0

ΘΣ



 (24)The linear time invariant (LTI) system representing this state-spa
e model
an be 
reated using the ss 
ommand in the Control System Toolbox to 
reate a
ontinuous-time state-spa
e obje
t that 
an be used inMATLAB R© and insertedinto a Simulink R©model using the LTI System blo
k. Alternatively, this state-spa
e model 
an be used dire
tly in Simulink R©with the State-Spa
e blo
k fromthe main Simulink R©library.The output of the state-spa
e system drives the motion of the adja
entbodies relative to the un�exed (rigid-body base) position of the �exible body. A
onvenient modeling te
hnique is to pla
e joints with the appropriate degrees offreedom (re�e
ting the �exing being modeled) at the 
orresponding 
oordinatesystems of the rigid body base. These joints are driven by the output of thestate-spa
e model, and are 
onne
ted on the other side to massless Body blo
ks.This entire 
onstru
t 
an then be en
apsulated into a Simulink subsytem thatrepresents the 
omplete �exible-body model and has 
oordinate system portsto whi
h additional SimMe
hani
s joints 
an be 
onne
ted. This �exible-bodysubsystem is represented by the dashed line in Figure 4 and be
omes a modular
omponent of a larger me
hani
al simulation.3.2 Algebrai
 LoopsThe state-spa
e formulation introdu
es algebrai
 loops as the solver attemptsto �nd a 
onsistent solution for the a

eleration of the adjoining bodies whosemotion is a
tuated by the �exible-body dynami
s. This a
tuation depends onthe measured rea
tion for
e, whi
h is itself a fun
tion of the a

eleration. Thereare two ways to break the algebrai
 loop by using transfer fun
tions:1. Filter ea
h 
omponent of the output y as we have formulated it abovethrough a transfer fun
tion of the form
H(s) =

K

s + K
.2. Filter only the position 
omponents of y through three separate transferfun
tions to obtain 
onsistent positions, velo
ities, and a

elerations that
an be used in the Joint A
tuator:

p =
K3

(s + K)
3 y11



v =
K3s

(s + K)
3 y

a =
K3s2

(s + K)
3 y.With this 
hoi
e, we 
an simplify the state-spa
e system by not outputtingvelo
ities or a

elerations.Both formulations are low-pass �lters with poles at s = −K and require thesomewhat arbitrary sele
tion of a 
uto� 
onstant K. The se
ond formulationillustrates a general approa
h for getting 
onsistent position, velo
ity, and a
-
eleration signals given only a position input.3.3 Implementing the FEA MethodThe FEA method follows these steps:1. Identify the FEA degrees of freedom and 
orresponding SimMe
hani
sCoordinate Systems for the load for
es.2. Identify the FEA degrees of freedom and 
orresponding SimMe
hani
sCoordinate Systems for the de�e
tions.3. Perform the FEA analysis and extra
t the modes.4. Constru
t the state-spa
e obje
t.5. Feed the 
orre
t for
es into the state-spa
e model. These are eitherexternally-imposed for
es or rea
tion for
es from neighboring bodies.6. Use the output of the state-spa
e obje
t to motion-a
tuate the appropriatejoint primitives 
onne
ted to the de�e
tion 
oordinate systems. The state-spa
e output 
an be �ltered through a transfer fun
tion to break algebrai
loops.Note that when modeling more than one load for
e on a single �exible body,all the for
es must be inputs to the same state-spa
e model. Likewise, whenthe de�e
tion of more than one 
oordinate system on a single �exible body issigni�
ant for the SimMe
hani
s model, the motion of ea
h of those 
oordinatesystems must be obtained from the same state-spa
e model. In these situations,Goto/From blo
k pairs 
an prevent 
onne
tion lines from 
luttering the diagram.Figure 4 illustrates the SimMe
hani
s 
onne
tions required.This approa
h 
aptures the �exible-body dynami
s in the state-spa
e modeland uses the results to a
tuate the motion of one or more massless blo
ks, towhi
h other SimMe
hani
s blo
ks 
an be 
onne
ted as usual. This method isquite general, as long as the deformations are su�
iently small to remain in thelinear regime, and 
an be used to easily model a 
omplex system with one ormore �exible parts. 12



Unlike the lumped-parameter 
ase, in whi
h the mass of the overall part 
anbe distributed among ea
h of the GBEs, the FEA approa
h does not automat-i
ally take into a

ount the e�e
t of the �exible body's weight in 
ausing itsdeformation. To in
lude this e�e
t, we must model the gravitational for
e ofthe distributed mass as further inputs to the state-spa
e system. If the �exiblebody is light enough for its self-de�e
tion to be a

eptably small, this e�e
t 
anbe negle
ted.4 Example: Aluminum CantileverTo illustrate both of these implementations, 
onsider the aluminum 
antilevershown in Figure 5, whi
h has length L = 50 cm in the x-dire
tion, height 2a =
20 mm in the y-dire
tion, and depth 2b = 50 mm in the z-dire
tion, welded tothe wall at the origin and free to bend only in the xy plane. We take the beamto be an aluminum alloy with the following material properties:

E = 6.9 × 1010 N/m2 (Young's modulus)
ρ = 2700 kg/m3 (density).
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Figure 5. Cantilever example.We 
apture the beam spe
i�
ations in the �le 
antilever_aluminum.m, andthe material properties in the �le material_aluminum1060.m. From these fun-damental parameters, we use the �le derive_
antilever_properties.m to
ompute the derived parameters, su
h as the total mass of the beam, M =
1.35 kg.4.1 Lumped-Parameter ModelThe library �le flex_element_lib.mdl 
ontains an implementation of the pure-bending generalized beam element dis
ussed earlier. We use n = 10 of theseGBEs to 
reate the beam in our example. GBEs. The parameters of ea
h GBEappear below: 13

file:models/cantilever+aluminum.m
file:models/material_aluminum1060.m
file:models/derive_cantilever_properties.m
file:models/flex_element_lib.mdl


l = 5 cm

m = 135 g

k = 4.6 × 104 N · m/rad

ξ = 0.075.Note that the value of the damping 
oe�
ient ξ was spe
i�ed arbitrarily anddoes not follow from the spe
i�ed material properties.4.2 FEA ModelWe performed the FEA analysis in COSMOSWorks 2006 SP2.0 using the de-fault mesh parameters (global size 7.94 mm, toleran
e 0.40 mm). We modeledthe material as a 1060 Aluminum Alloy, whi
h 
orresponds to the material prop-erties 
ited earlier. COSMOSWorks reports the �ve lowest vibration frequen
iesshown in the table below: Mode Frequen
y(Hz)1 69.82 433.63 1198.74 2305.85 2698.8For the purposes of this example, we are interested only in the lowest-frequen
y mode and we 
hoose the same damping 
oe�
ient ξ1 = 0.075 asin the lumped-parameter 
ase. To pro
ess the FEA data, we use a s
ript
osmos_
antilever.m that:1. Calls an M-fun
tion 
osmos2m.m to read the CosmosWorks data2. Chooses the appropriate modes to be simulated and degrees of freedom tobe a
tuated and sensed3. Calls another M-fun
tion fea_to_statespa
e.m to 
onstru
t the state-spa
e matri
es in (21)-(24)4. Creates aMATLAB R© 
ontinuous-time state-spa
e obje
t ss_
antilever_pvathat we 
an in
lude in the SimMe
hani
s model.We 
an 
he
k our expe
ted output by runningstep( ss_
antilever_pva )
14
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file:models/cosmos2m.m
file:models/fea_to_statespace.m


0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
0

0.005

0.01

0.015

0.02

0.025

0.03

Time [sec]

y
-d

efl
ec

ti
on

[m
m

]

Figure 6. Step response in the state-spa
e model.The output shows the expe
ted os
illation frequen
y, while the steady-stateresponse to the unit step is a de�e
tion of δ(FEA) = −1.57 × 10−2 mm.4.3 Constant LoadWe wish to understand how the rod rea
ts to a step load P = −196.2ŷ N at thetip (whi
h 
orresponds to the weight of a 20 kg mass) between times t1 = 0.05secand t2 = 0.3 sec.
 

196.2 N 

Figure 7. Step load at the tip.We note �rst that standard beam theory predi
ts a stati
 de�e
tion (negle
t-ing the weight of the beam itself)
δ(th) =

(Fu)L3

4Eba3
= −3.56 mm,15



while a COSMOSWorks stati
 analysis yields
δ(FEA) = −3.17 mmat this mesh size. The step response at whi
h we looked earlier (whi
h is linearin Fu) predi
ts a de�e
tion of δ(step) = −3.07 mm4.3.1 Lumped-Parameter ModelThe SimMe
hani
s model lump_
antilever_load.mdluses the lumped-parameterapproa
h for the 
onstant-load s
enario. The �exible beam is welded to Groundon one side; the other end is a
tuated with our step for
e and measured withmotion sensors. Sin
e we negle
t the weight of the beam in this example, theGBE mass is set to zero. The output is show in Figure 8.
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Figure 8. Lumped-parameter step response.When the nonzero load is applied, the steady-state de�e
tion and vibrationfrequen
y are, respe
tively,
δ(GBE) = −3.54 mm

f (GBE) = 63.75 Hz.4.3.2 FEA ModelThe SimMe
hani
s model fea_
antilever_load.mdl represents the FEA ap-proa
h. The Cantilever blo
k is just a (rigid) body welded to the wall, but16
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the de�e
tion of the tip is implemented by means of a prismati
 joint that ismotion-a
tuated by the output of the state-spa
e system. Note that the mass-less body is needed be
ause SimMe
hani
s does not allow dangling joints; thefa
t that it is massless does not 
ause a simulation singularity be
ause we are
ompletely spe
ifying its motion rather than allowing it to have dynami
s. Note,too, that we have pla
ed the state-spa
e model and the massless body insidethe Cantilever De�e
tion subsystem, whi
h en
apsulates the �exible-body dy-nami
s within a single blo
k that 
an be used modularly at the top level of theSimMe
hani
s model.
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Figure 9. FEA step response.As expe
ted, the 
antilever exhibits os
illations of frequen
y f (FEA) = 69.65 Hzas it damps down to the steady-state de�e
tion 
orresponding to �rst the 196.2 Nand then the zero loads. The steady-state de�e
tion under the nonzero load is
δ(FEA) = −3.07 mm.4.4 Body LoadWhen simulating the behavior of me
hani
al systems, one is usually interestedin situations where the load on the �exible part is 
aused by other bodies ratherthan by an idealized signal. Let us then remove the load signal and weld a loadof mass ml = 20 kg at the free tip of the 
antilever.17



 

20 kg  Figure 10. Mass load at the tip.4.4.1 Lumped-Parameter ModelIn the lumped-parameter implementation lump_
antilever_body.mdl, we weldthe mass load to the last GBE at the free tip of the beam. Be
ause we againnegle
t the weight of the beam in this example, the GBE mass is set to zero.Figure 11 illustrates the motion of this load body.
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Figure 11. Lumped-parameter mass load response.The steady-state de�e
tion is δ(GBE) = −3.55 mm and the os
illation fre-quen
y is f (GBE) = 6.82 Hz. The frequen
y shift is expe
ted, as we explain inse
tion 4.4.3.4.4.2 FEA ModelIn the FEA implementation, we weld the new massive load to the masslessbody representing the real motion of the atta
hment 
oordinate frame. The18
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massless body now exerts a rea
tion for
e on the 
antilever, whi
h 
auses it tode�e
t. The model fea_
antilever_body.mdl illustrates this 
onstru
tion. Wemodi�ed the Cantilever De�e
tion subsystem to feed the rea
tion for
e on the
antilever as the input to the state-spa
e 
al
ulation. This model 
orrespondsto pla
ing a load on the unde�e
ted 
antilever at t = 0; the output shows the
antilever os
illating with a frequen
y of about f (FEA) = 8.91 Hz. Running themodel for a su�
iently long time a
hieves a steady-state de�e
tion δ(FEA) =
−3.07 mm.
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Figure 12. FEA mass load response.4.4.3 Shift in the Os
illation Frequen
yWhy does the frequen
y of os
illation using either of these modeling approa
hesdi�er from the fundamental 69.8 Hz observed in the previous example with the
onstant 196.2 N load? The di�eren
e arises from the fa
t that the load nowhas dynami
s of its own to whi
h the 
antilever 
ouples. Consider the free bodydiagram of the load body: a

ording to Newton's law,
mẍl = ΣF = F0l + FlRc,where, in this example, F0l is the weight of the load body and FlRc is the rea
tionfor
e from the 
antilever on the load. The applied for
e on the 
antilever is the
antilever's a
tion-rea
tion partner,

FcRl = −FlRc = F0l − mẍl,19
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whi
h highlights that the dynami
s mlẍl of the load enter into the right-handside of the state-spa
e equations (22) and (24).Indeed, be
ause the 
antilever a
ts as a spring with some intrinsi
 equivalentmass ms and some spring 
onstant ks on the massive load, the equations ofmotion for the whole system 
an be written (negle
ting damping for simpli
ity)as
(ms + ml) ẍ = −ksx + F0l,or, equivalently

[

ẋ
ẍ

]

=

[

0 1
−k/ms 0

] [

x
ẋ

]

+

[

0
1/ms

]

(Fol/ms + mlẍ/ms) . (25)The se
ond equation is just the state-spa
e equation we derived earlier. Theformer makes it 
lear that the frequen
y of os
illation with the additional loadis given by
f2

m =

(

1

2π

)2
k

ms + ml

= f2
0

(

1

1 + ml/ms

)

.To 
he
k that our formulation is 
onsistent, we 
an see how the frequen
y variesdepending with the applied load ml in Figure 13. On a sample 
antilever withno damping (ξ = 0), the squared periods measured on the FEA model lie onthe line
T 2

m = f−2
m = f−2

0 + m∆.A �t yields f0 = 69.8 Hz, the no-load os
illation frequen
y derived by the FEAprogram.Finally, re
all that nonzero damping will further shift the resonant frequen
ya

ording to ω = ω0

√

1 − ξ2.

20
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Figure 13. Load mass dependen
e of (undamped) os
illation frequen
y.4.5 Body Load Coupled to Rigid-Body ModesFinally, 
onsider the situation shown in Figure 14, in whi
h the 
antilever notonly de�e
ts due to the load, but also moves on its own; in other words, it hasa �rigid-body mode.� We retain the load at the tip, but repla
e the weld atthe wall with a revolute joint and a Joint Spring Damper with spring 
onstant
k = 1 × 104 N · m/rad and damping 
onstant β = 0, whi
h yield a rigid-bodyos
illation frequen
y for the (unloaded) 
antilever of approximately 8.6 Hz.

20 kg 

torsional spring 

Figure 14. Spring mounting plus tip load.4.5.1 Lumped-Parameter ModelThe model lump_
antilever_body_spring.mdl uses the lumped-parameterapproa
h in this situation. This model is just like the one in the body-loads
enario, ex
ept for the repla
ement of the wall Weld with a revolute joint a
-tuated with a Joint Spring Damper. Note that we no longer ignore the mass21
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of the beam in this example. Figure 15 shows the displa
ement of the loadbody. The steady-state de�e
tion of the system is δ(GBE) = −3.63 mm, whilethe os
illation frequen
y is f (GBE) = 6.79 Hz.
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Figure 15. Response of lumped-parameter model on a spring.4.5.2 FEA ModelThe model fea_
antilever_body_spring.mdl implements the FEA approa
h.As shown in Figure 16, the position measurement of the load body is the su-perposition of the resulting two normal modes of this 
oupled os
illator system.The mass of the beam in this example is 
arried entirely by the rigid SimMe-
hani
s body, whi
h 
auses the de�e
tion of the wall spring; we still assumethe beam weight does not 
ontribute to �exing. Note, too, that as soon asthe 
antilever rotates away from the horizontal, the rea
tion for
e is no longerpurely in the y dire
tion; however, taking the y-
omponent of the rea
tion for
eon the 
antilever in the lo
al 
oordinate system assures that we always use the
omponent of the for
e that we modeled in the state-spa
e system. With thisapproa
h, the steady-state de�e
tion of the system is δ(FEA) = −3.20 mm, whilethe os
illation frequen
y is f (FEA) = 8.76 Hz.

22

file:models/fea_cantilever_body_spring.mdl


0 1 2 3 4 5 6 7 8 9 10
−7

−6

−5

−4

−3

−2

−1

0

Time [sec]

y
-d

efl
ec

ti
on

[m
m

]

Figure 16. Response of the FEA model on a spring.5 Con
lusionThe results in these examples show a slight frequen
y dis
repan
y between thetwo approa
hes, whi
h is probably due to the simple dis
retization s
heme thatwe 
hose for the lumped-parameter method. A more 
areful appli
ation wouldbegin the numeri
al analysis from the fourth-order partial di�erential equationdes
ribing the dynami
s of the �exible beam and dis
retize the beam a

ord-ingly. Nevertheless, the lumped-parameter approa
h is easily 
onstru
ted fromfundamental building blo
ks on
e the proper material parameters are 
omputedand 
an yield useful insights into the �exible deformations of a model. The FEAapproa
h, whi
h is more easily applied to arbitrary geometries, relies on detailed�exibility analysis 
arried out externally and is, within the linear regime, as validas that analysis and simulation pre
ision permit.As seen in the examples, both approa
hes 
an be made more manageable byusing several modeling tools a�orded by Simulink R©and SimMe
hani
s:
• Masked subsystems 
an en
apsulate the 
omplexity of details into a bla
kbox that we 
an use modularly without having to worry about the detailedimplementation at the top level. For example, a GBE made into a mask
an be welded to other similarly masked GBEs, and an FEA �exible body
an be used as a building blo
k for a larger model.23



• Made into library blo
ks, these masked subsystems fa
ilitate reuse andmodi�
ation. For example, a GBE from the library 
an be instanti-ated multiple times in a model to 
onstru
t the beam; a 
hange in theparametrization of the GBE made in the library gets propagated auto-mati
ally to ea
h instan
e.7 Similarly, a library blo
k 
ontaining an FEA-approa
h implementation of a �exible body 
an be instantiated multipletimes, and its parameters need only be 
hanged in the library
• The data ne
essary to parametrize the �exible body models, su
h as ma-terial properties and geometry, 
an be organized into MATLAB R© datastru
tures. The model and M-�le examples 
ited in this paper illustratethis te
hnique.
• Body blo
ks enable the use of �Adjoining� 
oordinate systems. This 
hoi
emakes the library blo
ks easily reusable by referring to their neighbors'
oordinate systems rather than to absolute frames. The top-level system
an thus be 
onstru
ted from modular 
omponents.Referen
es[Bathe℄ Klaus-Jürgen Bathe, Finite Element Pro
edures. Prenti
e-Hall, NJ,1996.[Hat
h℄ Mi
hael R. Hat
h, Vibration Simulation using Matlab and ANSYS.Chapman & Hall/CRC, FL, 2001.[Reddy℄ J.N. Reddy, An Introdu
tion to the Finite Element Method.M
Graw-Hill, 1993.[Crandall℄ Stephen Crandall, D. Karnopp, E. Kurtz, Jr., D. Pridmore-Brown,Dynami
s of Me
hani
al and Ele
trome
hani
al Systems. M
Graw-Hill, 1982.

7Assuming the library link from the blo
k in the model to the library remains unbroken.24
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